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Gap Reduction: Example 1

Lemma 5.46 (Max-3SAT ≤GP Independent-Set)
M��-3SAT ≤GP I����������-S�� with parameters (c, s) and ( c

3 ,
s
3 ) for any 0 ≤ s ≤ c ≤ 1.

We use the number of clauses resp. number of vertices as |x|. �



Gap Reduction: Example 2

Lemma 5.47 (Gap-Amplification for Independent-Set)
I����������-S�� ≤GP I����������-S�� with parameters (c, s) and (c2 , s2) for any
0 ≤ s ≤ c ≤ 1.
We use the number of vertices as |x|. �

Since
� c

s
�2
> c

s , we find by Lemma 5.44:

Corollary 5.48 (PTAS or nothing)
I����������-S�� ∈ PTAS ⇐⇒ I����������-S�� ∈ APX. �



5.10 Probabilistically-Checkable-Proof Systems

Definition 5.49 (Probabilistic Verifier)
Let L be a language. A randomized algorithm V with read-only random access to a proof
string π ∈ {0, 1}� is a probabilistic verifier for L if

1. V(x, π) runs in poly-time in |x| assuming constant-time random access to π,
2. ∀x ∈ L ∃π ∈ {0, 1}�(|x|) : Pr[V(x, π) � 1] � 1,
3. ∀x � L ∀π ∈ {0, 1}�(|x|) : Pr[V(x, π) � 0] ≥ 1

2 .
where �(n) � q(n)2r(n) �

proof string π for PCP �� certificate c for VP

Beware: Acceptance Criterion
probabilistic verifier for L ⇐⇒ OSE-MC for L . . .



Definition 5.50 (PCP(r,q))
Let r, q : N0 → N0 be two functions.
The class PCP(r, q) consists of all languages L ⊆ Σ� for which there is a probabilistic
verifier V for L with

1. RandomV(n) � O(r(n)), (r random bits)
i.e., V uses O(r(n)) random bits on inputs x with |x| � n,

2. V inspects O(q(n)) bits from π on inputs x with |x| � n, and (q proof queries)
3. the positions/indices accessed in π do not depend on previously read values of π

(non-adaptive).

Trivial Examples:
� P � PCP(0, 0)
� NP � VP �

�
c∈N PCP(0, nc)

� co-RP �
�

c∈N PCP(nc , 0)



A more interesting PCP system?

Lemma 5.51 (PCP for 3SAT)
3SAT ∈ PCP(n log n, n) �





An even more interesting PCP system?

Lemma 5.52 (Better PCP for 3SAT)
3SAT ∈ PCP(n log n, 1) �



What to do with PCP systems?

Theorem 5.53 (Nondeterministic simulation)
If L has a PCP verifier V that uses r(n) random bits, uses q(n) proof queries and runs in
time p(n), then there is a nondeterministic TM that decides L in running time

O
�
2r(n) �q(n) + p(n)� � . �

In particular: PCP(log n, 1) ⊆ NP.



What to do with PCP systems?

Theorem 5.54 (Translation to formula)
Given a PCP verifier V for L ∈ Σ� using r(n) random bits and q(n) proof queries, we can
construct for each x ∈ Σ� a CNF-formula ϕ(x) of size O

�
2r(n)2q(n) · q(n)� so that:

1. If x ∈ L the ϕ(x) is satisfiable.
2. If x � L, only a (1 − ε)-fraction of the clauses is satisfied.





Theorem 5.55 (PCP-Theorem)
NP � PCP(log(n), 1). �

Proof of ⊆ well beyond scope of this course . . .

Theorem 5.56 (Max-Sat has no PTAS)
P � NP � M��-SAT � PTAS. �


