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Definition 5.37 (APX, PTAS, FPTAS)

APX = {U € NPO : 3 constant ¢ : Ic-approx for U},
PIAS = {UeNPO : IPTAS for U},
FPTAS = {UeNPO : IFPTAS for U},

Obviously, we have

PO € FPTAS € PTAS € APX < NPO

Theorem 5.38 (Approximation Classes)
Unless P = NP, all of the above inclusions are strict.
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FPTAS asks for much

Theorem 5.40 (FPTAS — FPT and pseudopolynomial)
1. UecITPIAS = pUe??‘T

S
2. U e FPTAS and cost(u x) < p(MaxInt(x)) for some polynomial p
— Jpseudopolynomial algorithm for LI.
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Recall: BIN-PACKING J T TR (it 924

Given: wy,...,w, € N,beN, kefN"
Question: Ja: [n] > [k] : Vje[kl: ) w < b?

i=1,...,n

Theorem 5.41 (First fit 2-approx)

The first-fit heuristic is a 2-approximation for BIN-PACKING.

Pn;oé\'w J 4 OC[\'-/( bre, < %J(M

=3 = NI\ e < b b,

° @Mt < LLC! Lk [P Stod
shord

sy
Z

MIA

Ky sog

oLm‘cu, ZC/ @PT > (fa‘;‘T
2 e Q.



A first inapproximability result

Theorem 5.42

There is no poly-time (% — ¢)-approximation for BIN-PACKING for any ¢ > 0 unless
P = NP.
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How can we transfer this result to other problems?

Is it tight?
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5.9 Inapproximability —+ £, 4 v
0 s M\
1
Assume in this section: goal = max. T e

Definition 5.43 (Gap problem) g
Letc,swith0 <s <c < 1begivenandlet U = (X1, X0, L, L1, M, cost, goal) an optimization
problem form NPO. We define the GAP, ;-U decision problem as follows:
» Input: x € L; such that either M > c or Opty(x)/|x| < s holds.
» Output: -
> Yes, in case Opty(x)/|x| = ¢;
> No, in case Optj(x)/|x| <s.

Note: We will interpret |x|, the length of an encoding of the instance, a bit more freely and
use a more natural unit of size for the input, e.g., the number of clauses for 3SAT or the
number of nodes in INDEPENDENT-SET.



Lemma 5.44 (Hard Gap — no approx)
Let U € NPO and ¢,s with 0 < s < ¢ < 1 two constants.
If GAP,s-U is NP-hard then under the assumption P#NP, then there is no polynomial
time <-approximation algorithm for U.
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Definition 5.45 (Gap reduction)

Let U; and U, be two maximization problems with potentially different input and output
alphabets. U is GP-reducible to U, (notation U; <gp U») with parameters (c, s) and (¢, s")
if and only if there is a polynomial time algorithm A with:

1. For every input x € L;; we have A(x) € Lj».

Optu (X) . . OP’LI (A(x))
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2 m =C implies Am] = C- e 1%\
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3. Opiif(‘) < s implies 2224 _ o . <
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