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5.7 Dual LPs & The Primal-Dual Schema

Starting with an original (“primal”) LP, how can we bound on its optimal objective value?
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x* = (1.75,0,2.75) with cTx* = 26.



Dual LPs

Generalizations:
» ith constraint in primal with > «~ y; >0

> ith constraint in primal with = «~ 1; unconstrained

Lemma 5.29 (Weak Duality)

If x and y are feasible solutions for the primal resp. dual LP, it holds that c’x > by
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Duality Theory
Indeed one can show by a closer study that the optimal objective values match.

Theorem 5.30 (Strong duality)
The primal LP has a finite optimal objective if and only if the dual has. If x* resp. y* are
two optimal solutions to the primal resp. dual LP then M holds. B

Theorem 5.31 (Complementary Slackness Conditions (CSC))
Let x and y be feasible solutions to the primal and dual LP. Y o iafeanble
The pair (x, y) is optimal if and only if

1. xj=00r Yqcicpaij-yi=cjforalll <j<n and

2. yi=00r Xicj<utij-xj=biforalll <i<m.

Remark 5.32
1. Strong duality implies that the LP threshold decision problem is in N:P N co-NP:
Yes-certificate: feasible solution; No-certificate: feasible solution for the dual.

2. For ILPs, we only get weak duality.
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Intuition:
Pack as much (y,) of good u as possible, so that for group S; its capacity c(S)) is exceeded.



Analysis of greedySetCover by dual fitting

1 procedure greedySetCover(, S, c)
2 ©= @, C= (Z)

3 // For analysis j = 1

4 while C # [n]

5 /* = arg min ﬂ

ieln] 1Si \ C|
6 Addj to €
7 C=CUS

. o(Sp) ..

5 // For anulyszs@ m;] =j+1
9 // For analysis: for u € Sy \ C set price(u) = a;
10 return C —
Lemma 5.33

Yu = price(u)/H, is dual-feasible.
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Integrality Gap of Set Cover e wdtidiobo gl
< Hy.

OP
Previous result shows that integrality gap
or Tfrac
Can we give a lower bound?

Theorem 5.34 (Integrality Gap of Set Cover)

For the set cover ILP and its relaxation holds Ho v lat)
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Primal-Dual Schema

So far:
» ad hoc methods, a posteriori justified by LP arguments

» rounding algorithms, must solve primal LP to optimality (expensive!)

Ves !
dual Leastble, piwad is tdearible, Lol iulegral
~ CSC csudhours

Can we use duality more directly?
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CSC for set cover

Complementary Slackness Conditions for Set Cover

xj=0V Z Yu = c(Sj) Vj € [k] (cse 1)

e T cabe neland
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Problem: In general only simultaneously fulfilled by fractional solutions
Relax dual consraints to

Yyu=0V ZXij/ Yuel

jeV(u)

i.e., every element at most f times ~~ trivially fulfilled.
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Primal Dual Set Cover

1 procedure primalDualSetCover(1,S,c)
2 f= global frequency
3 %= O y= 0,T= [7]

s while T # 0 cowpote &= wadn c(S)-2_ V.
5 Choose u € T arbitrary ,/ y .= y 4§ J°5° @€y

6 Increase v, until CSC holds for (at least) one more set S i

7 for all S; with 3,,c5, yu = c(S;)

8 T=T\S;

9 xj = 1

10 return {j € [k] : x; = 1}

Theorem 5.35
primalDualSetCover is an f-approximation for SET-COVER.
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5.8 Arbitrarily Good Approximations
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Definition 5.36
Let U = (X1, X0, L, L1, M, cost, goal) an optimization problem.
An algorithm A is called polynomial time approximation scheme (PTAS) for U, if A computes
for each pair (x, ¢) € Ly X R* a feasible solution which is at most a factor (1 + ¢) worse than
the optimum (i.e., ¢ is the relative error) and needs a polynomial time 1rT|5cT(T e.,
O(|x|eP1/9)) is possible). => oapprecdiabl ko oy dasied ercon
IfMg time of A is polynomially bounded in |x| and ¢!, A is called a fully
polynomial time approximation scheme (FPTAS) for U.
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Definition 5.37 3c : 3 c-appeor. poly-fiux
APX = {U € NP0 | polynomial time c-approximation algorithm for U, c constant}. <

UQfLQK’CDW( € APX
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