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Definition 5.16 (Shortest-Superstring)

Given: alphabet ¥, set of strings W = {wy, ..., w,} € LF

Feasible Instances: superstrings s of S, i.e., s contains w; as substring for 1 <i < n.
Cost: |s] I

Goal: min _r
)
Remark 5.17 '
Without-loss-of-generality assumption: no string is a substring of another.
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Shortest Superstring by Set Cover

Construct all pairwise superstrings:

——————— " S
0ij,e = (Wi, u;—e(wy) valid iff (w))1,e = (Wi)jw;|- 41, ]
M= {oi,j,{; vi,j,€lul, € e [0..min{|wl»|, |wj|}]}

~~ Set Cover instance:

Universe: [1] ~ try to cover all words in W with superstring . . .

Subsets: S = {S; : m € WU M} ... by combining pairwise superstrings.
where S = {k € [n] : 3i,j:wp = m;;}

Cost function: ¢(Sy) = ||

Given set-cover solution {Sr,, ..., Sz}
~> SUPErString 71 ... T ¢ in amy ocdan



Lemma 5.18 (Pairwise superstrings yield 2-SC-approx)

Let W be an instance for SHORTEST-SUPERSTRING and (11, S, ¢) the corresponding SET-COVER
instance. Let further OPT resp. OPT,. be the optimal objective value of W resp. (1, S, c).

Then holds OPT < OPT,. <2 - OPT.
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Corollary 5.19 (2H,, approximation for superstring)
By solving the transformed set cover instance with greedySetCover, we obtain a
2H,-approximation for the shortest superstring problem.
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5.5 (Integer) Linear Optimization

Definition 5.20 (LP)
A linear program (LP) in standard form with n variables and m constraints is characterized by
a matrix A € Z"™", a vector b € Z™, and a vector ¢ € Z" and is written as

X=Xy oy )
min c¢'x min 2}1:1 ¢ - %
s.t. Ax>b s. t. Z]’Ll aj-xj > b; forallie [m]
x>0 x; >0 forallje [n]

(Comparisons on vectors are meant componentwise.)
Any vectowith Ax > band x > 0is called a feasible solution for the LP, and cTxis its
objective value. An optimal solution is a feasible VectOI@with minimal objective value.

Remark 5.21 (Rational coefficients)
We can in general allow A € Q"™, b € Q™ and c € Q"; by multiplying constraints and
scaling objective function with the common denominator we obtain an equivalent LP.



Example LP

min 7x1 + X + 5x3 c= (7, 4.5)
s.t. x1— x+3x3>10 /i -4 ‘o
5x1+2xp— x3> 6 A= S 2 —1) b:{g/

x1,%2,%3 20

~~ Optimal solution x* = (1.75,0,2.75) with ¢'x* = 26.
Extreme point: feasible point that is not a convex combination of two distinct feasible

SOlutiOnS. C((arclen\\ué Ljy “M?uabh'f +hol arc @gﬁ%& L,U:IfJ« =

Remark 5.22 (Facts on LPs) NE o pyr (dou) g e (0.4)
1. More general versions of LP possible: S v o= s
= constraints, unrestricted variables, max instead of min . ..
~- can all be transformed into equivalent one in standard form.
2. LP can be infeasible (no solution), unbounded (no optimal solution) or finite.

3. If LP has optimal solution, there is an optimal extreme point ~~ finite problem!

4. [ Optimal solutions can be computed in poly-time (ellipsoid method).




Definition 5.23 (ILP)
An integer linear program in standard form is an LP with the additional integrality
constraints x; € Ny:

min c’x

s.t. Ax>b

x € Nj
~——

Remark 5.24 (Facts on ILPs)

1. Generalized versions can again be transformed into standard form.

2. Decision version of the problem NP-complete.



5.6 Set Cover by LP Relaxation & Rounding

The Set Cover ILP

Idea x; = Liff Sjincover. ~ hwe h wuke wrc x5 4 wol ophumal /
Notation: For u € U set V(u) = {j: u € S;}.

k
min Z c(S;) - x;j
=1

st > x>1 Vuel:=ld
jeV(u)

e
xeN§ x e l0.4)

X220 /

Observation: Any optimal solution fulfills x € {0, 1}

Problem: ILP not efficiently solvable ~ relax integrality constraints!
i.e., replace x € Nf by x > 0.
~ efficiently solvable, but might get frw



Simple Rounding

1 procedure frequencyCutoffSetCover(1,S,c)
2 f = global frequency of S V owox. Bsds ony w eppars i

3 x* = optimal solution of relaxed set cover LP.
4 =0

5 forj=1,...,k

6 ifx]’le/fthenaddjtoe

7 return C

Theorem 5.25

frequencyCutoffSetCover is an f-approximation for SET-COVER.
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Eaido/mlzfeg/Roundmg K eT0.4) o ukeped ar probabiCikic

1 procedure randomizedRoundingSet(1,S,c)

2 x* = optimal solution of relaxed set cover LP.

3 C=0

4 forj=1,...,k

5 fori=1,...,[In(4n)] withood cepelihoc,

6 b = coin flip with prob x}f

7 ifb=1thenaddjtoC _

8 return C ~ [FElec(e)] = JZ:X,‘"C(S‘) = <'x¥ e 0P,

Lemma 5.26 (Correct with prob 3/4)

randomizedRoundingSet computes with probability at least 3 a feasible set-cover.

P(OBQOJ (’OUIVIAM ue Y V)| = £ ~ = N
| 1 (b pe) = Unt) Vargs

{aloing
s
?f[u mo’( comc‘//\ by E?} = M — decreates wrdh &
Tn ouR ¢ lealoo

)(& ﬁqn'% {)14~ 4P = C2

7z

Concaveg =) MACAZ(IIWJ af Pe= (JL:., :P =

=
¢ ¢



diduial  voliu qgo}WJ a{ Pi’:-——:/)(:;
ML YE

P([?A ol coraced by £ o ocwe ELnN!\'e.AE
t
< (4- %) é‘j
QnCbu) 4
o 4l
F( E (28 moa[ C@Mc{ E/ tj \< /éJ _ 4M

= Pl & b vol o sal reml = ¢ [ U v ol covend 1, fj

YeU



Lemma 5.27 (Expected quality)

The expected cost E[c(C)] of € computed by randomizedRoundingSet are bounded from
above by In(41) - OPTyq,.

~» By Markov’s inequality: Pr[c((?) > 41In(4n) - OPTfmC] < i
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Randomized Rounding Approximation for Set Cover

1 procedure randomizedRoundingSetCover(1,S,c)

2 € = randomizedRoundingSet(1,S,c)

3 ifc(C) > 4In(4n)- OPTp,e Vv Cnota set cover
4 return S

5 else

6 return C

Theorem 5.28 (randomizedRoundingSetCover randomized approx)

randomizedRoundingSetCover is a randomized 4 In(47)-approximation for SET-COVER.
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