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Warmup: Rejection Sampling

We assume only random bits. How to simulate a fair (6-sided) die?

1 procedure rollDie:

2 do

3 Draw 3 random bits by, by, by

4 n= 212:0 2'b;  // Interpret as binary representation of a number in [0 : 7]
5 while (n =0V n=7)

6 return n

Correctness: Every output 1, .. ., 6 equally likely by construction.

Termination: [nfinite runs possible! Is that a problem?

Expected Running Time: Leave loop with probability ¢ = 2 in each iteration

. . ! (T
~+ in expectation, only 3~ Z I- I n repetitions.

i>1

rollDie is a correct and practically efficient algorithm.
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4.1 Recap of Probability Theory

Discrete probability space (€, Pr): dia 2= 147
» Q= {w1,ws, ...} a(finite or) countable set T 2’45}
» Pr:29 — [0,1] a discrete probability measure, i.e., R = 2
> Pr[Q] =1 ¢ wels)
> Pr[A] =Y ea Prlw] ~» Prdetermined byg}l: Pr[w;]. PR
General probability space (QQ, F, Pr): Peli\=(5) - 2
» () is a set of points (the universe) Q= Fo.4]
» J C2%isa o-algebra, i.e., (in discrete case: I = 2%) F o Beed sel
»0eT Nes _ lab)e T
> closed under complementation: Ac F¥ — A=Q\AeF cDantapre.

> closed under countable union: A1, Ay,...€ F = U2 A€ T Leshessin
» Pr:J — [0,1] is a probability measure, i.e., S @) = beo

» Pr[Q] =1
> If A1, Ay, ... € F are pairwise disjoint then Pr[U;’zl A,-] = 22, Pr{Aj]
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Events

A € J is called an event of (O, F, Pr); also a measurable set.

Basic properties

| 2

>

>

Pr [Z] =1 - Pr[A] counter-probability
Pr [U Ai] < >, Pr[A] the union bound (a.k.a. Boole’s inequality a.k.a. o-subadditivity)
{A1, ..., Ac} (mutually) independent < Pr[N; Ai] = [1,Prl[Ai]

An infinite set of events is mutually independent if every finite subset is so.

k-wise independence means that only all size-k subsets are independent.

conditional probability for A given B: Pr[A | B] = Pr[A N B]/ Pr[B]
generally undefined if Pr[B] = 0.

law of total probability: If O = B UB, U - - - is a partition of ), then holds

Pr[A] = ZPr[A|Bi]-Pr[Bi].

i
Pr[B;]#0



Random Variables

Random variables (r.v.) X : Q — X; often X = R (in general spaces: only measurable functions)

Basic properties and conventions:
» event {X = x} is defined as {w € Q : X(w) = x}.

» For event A define the indicator r.v. 14 via 14(w) = [w € A]

Fx(x) = Pr[X < x] is the cumulative distribution function (CDF).
X is discrete if X(Q) = {X(w) : @ € Q} is countable.
for discrete r.v. X define fx(n) = Pr[X = n] the probability mass function (PMF).

If Fx is everywhere differentiable, X is continuous.
Then fx = F is its probability density function.

vV V. v v

Independence:

» Consider vector X = (Xq,...,Xx) as one function from Q to Rk,
CDF/PMEF/PDF of X is called joint CDF/PMF/PDF of X1, ..., Xk.

> r.v.s independent <= joint PMF/PDF factors:
X and Y independent &= Pr[X=xAY =y] =Pr[X =x]-Pr[Y =y] forall x, y.



pg @amci@u/\ p(/f/) d{j”w wqwldﬁgﬂ/ﬁxé ?

T rerdows welBecs

N
[ {Ocﬁﬁ - N ufooj =; /Na‘J

L‘5 I Q//f"chJ\Q 5.V,

'S T MQM(QM{ ?

re793f‘€ ‘HAQJ\’ ;V? M € /)\/ao M:: [[(«m)

et

= U T e
N we [0.45%K;
TF viw) s 4@/{"4&;\«\&'\)



(Pm!a/\,x(ﬁ = pab. o specec ol rmndow bidr  read

by A Oc ;ufukil < J;Avﬁni cequPl&L)DM .

D Roby (o)
Ve &

Froh&b%”v/ DQ € OU‘LUX/B 7
csvr—ru{’ <
2%) "Vr ;}C IV\Q(’ W;\U\ QDE} >0 Vuu.é Mv[ Q(\—,’S(f

oc i cor o
F (IK) = Z PFDEA (c\) [vece /c) /

Ulfﬂ& /rB}:@:Zﬁ)f)

[E =~ Tiusy () = voar § Ty, 6)
R />

USuaﬂn/ 02 Jificnd Qe ?(r ol ooy @ (Jasrr%l(
bol  haed  to didecuntee

Prab /A(x\ = y>

0



Expectations

Expectation of a X-valued r.v. X, written E[X], is given by
> E[X] = e X - fx(x) for discrete X,
» E[X] = fxex x - fx(x) dx for continuous X.

» undefined if sum does not converge / integral does not exist.

Properties:

> linearity: E[aX + bY] = aE[X] + bE[Y] (X, Y r.v. and g, b constants)
even if X and Y are not independent
only for finite sums / linear combinations!

» X and Y independent — E[X - Y] = E[X] - E[Y].



Conditional Expectation

Similar to conditional probability, we can define condition expectation.
» conditional expectation on event E[X | A] = Z: Pr[X = x| A] for discrete X.
for general A, continuous definition problematic
> conditional expectation on {Y = y}, written E[X | Y = y].
> fordiscrete Xand Y

EX|Y=y] = Zx-Pr[X:xHY:y}]
xeX

» for continuous X and Y, use the joint density f(x y) and define the marginal density of Y as
fr() = [, f(x,y) dx. Then

foxn®y)
EXIY =yl = [xfyonds with  figylny) =S
x fry)
PL U0 2)
» With ¢(y) == E[X|Y = y] we obtain a new r.v. E[X|Y] = g(Y). X &(P)
PRPRA
> law of total expectation: E[X] = [E[E[XlY]]. J/g(F):fa TmP

[EIX3



