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Depth-Bounded Search for Closest String

1 procedure closestStringFpt(s, d):
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if d < 0 then return "not found"
if dyy(s,s;) > k+d foranie {1,...,m} then
return "not found"
if dpy(s,s;) < kforalli=1,...,m then return s
Choose i € {1,...,m} arbitrarily with dg (s, s;) > k
P o= {p :s[p] # si[p]}
Choose arbitrary P’ C P with |P’| =k +1
for p in P’ do
& =g
s'[p] := silp]
Sret := closestStringFpt(s’, d — 1)
if s;o+ # "not found" then return s,
return "not found"
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Lemma 3.42 (Pair Too Different —» No)
LetS = {s1,52,...,5m} asetof strings and k € N. If there are i,j € {1,..., m} with
dy(si, sj) > 2k, then there is no string s with maxi<j<y du(s, s;) < k.
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Theorem 3.43 (Search Tree for Closest String)
There is a search tree of size O(k") for problem p-CLOSEST-STRING. & selres poBlec.
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1 procedure closestStringFpt(s, d): gr outn QA c/ T “ P J d‘ N

2 if d < 0 then return "not found"

s if diy(s,s;) > k+d foranie {1,...,m} then

4 return "not found" /C any Caarnt CJA’(JQ l—( N ha Y A;o s 1%
5 ifdy(s,s;) < kforalli=1,..., m then return s

s Choosei€ {1,...,m) arbitrarily with dy(s, ;) > k a

; Pi= {p: slp] # silpl} cjx (Z‘Q/buu y o @=—y  S; s é

. Choose arbitrary P’ € P with |P'| = k + 1
. forpin P’ d
5 orp In P’ do L ,fgj L < vwk and ol osQeitins C/J’]r‘{C/_

silp]
Sre closestStringFpt(s’, d — 1)
» if 574 # "not found" then return s S) 120 o ga anc {/\

1 return "not found"
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Corollary 3.44 (Closest String is FPT)
p-CLOSEST-STRING can be solved in time O (L + ik - k).
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3.5 Interleaving

Up to now, considered two-phase algorithms
1. Reduction to problem kernel

2. Solve kernel by depth-bounded exhaustive search

Idea: Apply kernelization in each recursive step.



Setting for Interleaving

Assumptions: (more restrictive than general kernelization!)

> K kernelization that
» produces kernel of size < q(k) for q a polynomial (cDosast bty o L)
» intime < p(n) for p a polynomial

» Branch in depth-bounded search tree

» into i subproblems with branching vector d= (dq,...,d;)
(i.e.parameter in subproblems k — dy, ..., k —d;)
» Branching is computed in time ér_(n/) for r a polynomial

» search space has size O(af).

~» Running time of two-phase approach on input x with n = |x| and k = x(x):
K<

O(p(m) + r(q(k)) - Of\k)
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With Interleaving
Now replace splitting by: ¢ hudus poran e

1 if |I| > ¢ - g(k) then

2 (I, k) := (I, k") where (I’, k) forms a problem kernel // Conditional Reduction
3 end;

s replace (I, k) with (I1, k —dy), (Io, k —d3), ..., (I;, k — d;). // Branching

~~ Running time of interleaved approach on input x with n = |x| and k = «(x) is at most T}:

Alowr g.8f Ty = Tf—dl + -+ T(—di + p(q(f) + r(q(f))
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Compare to non-interleaved version: , — — p
Tzr — qujﬂ%,_,* /g,d: —~> 7@ = @ [D( )
Te = Tegy+-+Tea +r(@0) 4 = ¢ k) )

Here the inhomogeneous term is constant w.r.t. £, but depends on k
~~ cannot ignore constant factors



Theorem 3.45 (Linear Recurrences II)
Letdy,...,die Nand d = maxdj.
Consider the inhomogeneous linear recurrence equation

Tpn = Tuegy +Tu-iy+ -+ Tng, +fu, (n>d)

—

with (f)ner., @ known sequence of positive numbers and 4 initial values .

o = Ol
To, ..., Ti—1 € Ryp. )
Let z be the root with largest absolute value of z8 — Z}:] 2%~ and assume fn = 0((z,— &)%)
for some fixed ¢ > 0. —
Then T, = O(TY) where T is defined as T,, with f,, = 0.
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A Little Excursion: Singularity Analysis
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Theorem 3.46 (Transfer-Theorem of Singularity Analysis)

Assume f(z) is A-analytic and admits the singular expansion .

s
f@ = g) + 0(1-27%) (-1

with @ € R. Then £, i £RV= > fue’
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[2"f(2) = [2"I3(2) £ O(n*")  (n— o).
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